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Local ized  b u c k l i n g  of a delaminated group of p l i e s  creates h i g h  i n t e r l a m i n a r  
stresses around t h e  boundary of t h e  delaminat ion.  This  o f t e n  c a u s e s  r a p i d ,  e x t e n s i v e  
de laminat ion  growth. A measure of the i n t e n s i t y  of t h e  i n t e r l a m i n a r  stresses a t  t h e  
d e l a m i n a t i o n  boundary is needed t o  p r e d i c t  d e l a m i n a t i o n  growth. S i n c e  t h e  stresses 
a t  t h e  de laminat ion  boundary are s i n g u l a r  ( a t  l ea s t  m a t h e m a t i c a l l y )  , c a l c u l a t e d  
stresses t h e r e  have l i t t l e  meaning. S t ra in-energy  release rates are f i n i t e  param- 
eters which c h a r a c t e r i z e  t h e  i n t e n s i t y  of t h e  stresses n e a r  t h e  s i n g u l a r i t y .  Hence, 
many of t h e  c u r r e n t  e f f o r t s  t o  p r e d i c t  i n s t a b i l i t y - r e l a t e d  d e l a m i n a t i o n  growth are 
based on s t r a i n - e n e r g y  release r a t e s .  
The problem of i n s t a b i l i t y - r e l a t e d  d e l a m i n a t i o n  growth h a s  been s t u d i e d  b o t h  ex- 
p e r i m e n t a l l y  [eg. r e f s .  1-41 and a n a l y t i c a l l y  [eg. r e f s .  3-71. The predominant  con- 
f i g u r a t i o n s  ana lyzed  have been e i t h e r  a l a m i n a t e  w i t h  a through-width or embedded 
d e l a m i n a t i o n  (see f i g .  1 I n  t h i s  paper t h e  embedded d e l a m i n a t i o n  w i l l  be 
cons  i dered.  
For  t h e  through-width delaminat ion,  bo th  2-D f i n i t e  e lement  [ r e f .  51 and  
Rayleigh-Ritz  beam [ r e f .  71 s o l u t i o n s  have been o b t a i n e d .  To d a t e ,  s t r a i n - e n e r g y  
release rate a n a l y s i s  ot t he  embedded d e l a m i n a t i o n  has been l i m i t e d  t o  u s i n g  p l a t e  
a n a l y s i s  t o  c a l c u l a t e  t h e  average  value of t h e  t o t a l  s t r a i n - e n e r g y  release ra te  G 
a l o n g  a de laminat ion  f r o n t .  The t o t a l  s t r a i n - e n e r g y  release ra te  i s  simply t h e  sum 
of t h e  mode I, mode I1 and mode I11 components. I d e a l l y ,  one would l i k e  t o  o b t a i n  
the magnitudes of t h e  i n d i v i d u a l  components. But such is  beyond t h e  scope of p l a t e  
a n a l y s i s ;  expens ive  three-dimensional  a n a l y s i s  would be r e q u i r e d .  The c u r r e n t  s t u d y  
a l so  used  p l a t e  a n a l y s i s ,  s o  only  t o t a l  G w a s  c a l c u l a t e d .  However, i n  c o n t r a s t  t o  
ear l ie r  work, t h e  p r e s e n t  s t u d y  c a l c u l a t e d  d i s t r i b u t i o n s  of G a l o n g  the  delamina- 
t i o n  f r o n t .  The d i s t r i b u t i o n  of G was c a l c u l a t e d  u s i n g  a new v i r t u a l  c r a c k  c l o s u r e  
t e c h n i q u e  which is  s u i t a b l e  f o r  u s e  with p l a t e  a n a l y s i s .  
The o b j e c t i v e s  of t h i s  paper  are t o  p r e s e n t  t h e  d e r i v a t i o n  of the  new v i r t u a l  
crack c l o s u r e  technique ,  e v a l u a t e  t h e  accuracy  of the  technique ,  and f i n a l l y  t o  
p r e s e n t  t h e  resul ts  of a l i m i t e d  paramet r ic  s t u d y  of lamina tes  w i t h  a p o s t b u c k l e d  
de laminat ion .  Although t h e  new v i r t u a l  c r a c k  c l o s u r e  t e c h n i q u e  is g e n e r a l ,  o n l y  
homogeneous, i s o t r o p i c  lamina tes  were ana lyzed  i n  t h i s  paper.  This  w a s  t o  e l i m i n a t e  
t h e  v a r i a t i o n  of f l e x u r a l  s t i f f n e s s  with o r i e n t a t i o n ,  which o c c u r s  even f o r  q u a s i -  
i s o t r o p i c  lamina tes .  This  made it e a s i e r  t o  i d e n t i f y  t h e  e f f e c t  of g e o m e t r i c a l  
parameters on G. 
I n  t h e  f o l l o w i n g  s e c t i o n s  t h e  new v i r t u a l  crack c l o s u r e  t e c h n i q u e  w i l l  be  de- 
r i v e d  f i r s t .  Then t h e  specimen c o n f i g u r a t i o n s  w i l l  be d e s c r i b e d .  Next, t h e  stress 
a n a l y s e s  w i l l  be d i s c u s s e d .  F i n a l l y ,  t h e  v i r t u a l  c r a c k  c l o s u r e  t e c h n i q u e  w i l l  be 
e v a l u a t e d  and then  used t o  c a l c u l a t e  t h e  d i s t r i b u t i o n  of G a l o n g  t h e  d e l a m i n a t i o n  
f r o n t  of s e v e r a l  l amina tes  w i t h  a pos tbuckled  de laminat ion .  
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submatr ices  i n  l a m i n a t e  t h e o r y  c o n s t i t u t i v e  r e l a t i o n s  
length  of d e l a m i n a t i o n  i n  x- and y - d i r e c t i o n s ,  r e s p e c t i v e l y ,  mm 
f l e x u r a l  s t i f f n e s s  c o e f f i c i e n t  = E h 3 / ( 1  2(1-v 
s t r a i n  i n  x - d i r e c t i o n  i n  base l a m i n a t e  
eo f o r  b u c k l i n g  of s u b l a m i n a t e  
Young's modulus, N/m2 
t o t a l  s t r a i n - e n e r g y  release rate,  J / m  
average s t r a i n - e n e r g y  release rate, J / m  
s t r a i n - e n e r g y  release rate due t o  moment, J / m  
s t ra in-energy  release rate due t o  in-p lane  stress r e s u l t a n t s ,  J/m 





c u r v a t u r e  
moment r e s u l t a n t s ,  Nm/m 
in-plane stress r e s u l t a n t s ,  N/m 
p o i n t  load,  N 
displacements  i n  x, y,  and z d i r e c t i o n s ,  m 
t r a n s v e r s e  d isp lacement  a t  the  c e n t e r  of t h e  s q u a r e  lamina ted  
p l a t e ,  m 
r e c t a n g u l a r  C a r t e s i a n  c o o r d i n a t e s  
s t r a i n  
Poisson 's  r a t i o  
A N A L Y S I S  
. 
The f o l l o w i n g  s u b s e c t i o n s  d e s c r i b e  t h e  new v i r t u a l  c r a c k  c l o s u r e  t e c h n i q u e  
(VCCT), t h e  c o n f i g u r a t i o n s  analyzed,  and  t h e  stress a n a l y s e s  used i n  c o n j u n c t i o n  w i t h  
t h e  VCCT. 
N e w  V i r t u a l  Crack C l o s u r e  Technique 
The basic t e n e t  of any c r a c k  c l o s u r e  t e c h n i q u e  is  t h a t  s t r a i n - e n e r g y  release 
rate is e q u a l  t o  t h e  work per u n i t  area r e q u i r e d  t o  close a c r a c k  o v e r  a small d i s -  
t ance .  For a 3-D c o n f i g u r a t i o n ,  such  as t h a t  i n  f i g u r e  2, t h e  s t r a i n - e n e r g y  release 
ra te  is c a l c u l a t e d  us ing  a n  e q u a t i o n  of t h e  f o l l o w i n g  form [ref. 91. 
2 
Aa 
+ u ( x  - A a ) v ( x ) ]  dx 
YZ 
where Aa i s  t h e  c rack  c l o s u r e  length,  u, v, and w are t h e  d isp lacements  i n  
u are t h e  t r a c t i o n s  r e q u i r e d  
and 
t h e  x, y, and z d i r e c t i o n s ,  and uz, 
on t h e  crack faces t o  close t h e  c rack  over t e d is tancg '  Aa. 
is  shown i n  f i g u r e  2. 
The c o o r d i n a t e  system 
The v a r i o u s  approximations made i n  p la te  theory  make e q u a t i o n  ( 1 )  n o t  d i r e c t l y  
applicable f o r  c a l c u l a t i n g  G. For example, p la te  t h e o r y  does n o t  p r o v i d e  t h e  magni- 
t u d e  of t h e  terms i n  e q u a t i o n  ( 1  1 However, t h e  concept  of c r a c k  c l o s u r e  i s  s t i l l  
v a l i d  f o r  p la te  a n a l y s i s .  
c r a c k  i n  plate  a n a l y s i s .  I n  t h e  fo l lowing  e x p l a n a t i o n  of t h e  new c r a c k  c l o s u r e  t e c h -  
n ique ,  Kirchhoff-Love plate  t h e o r y  i s  assumed. 
The problem is t o  de termine  what i s  meant by c l o s i n g  a 
F i g u r e  3 shows t h e  c r a c k - f r o n t  reg ion  of a p la te  w i t h  a s i n g l e  de laminat ion .  A s  
shown i n  t h e  f i g u r e ,  t h e  i n t a c t  plate ( r e g i o n  A )  is s p l i t  a t  t h e  c r a c k - f r o n t  i n t o  two 
sublaminates .  Although t h e  plate reg ions  are shown w i t h  some t h i c k n e s s ,  t h e  only  
g r a d i e n t  through t h e  t h i c k n e s s  is t h e  l i n e a r  v a r i a t i o n  of u and v due t o  t h e  
r o t a t i o n s  -w, and -wIy. Because of t h i s  s i m p l i f i e d  response  i n  t h e  t h i c k n e s s  
d i r e c t i o n ,  t h e r e  is a n  a b r u p t  change i n  t h e  response  of t h e  p la te  from t h e  uncracked 
r e g i o n  t o  t h e  c racked  region.  For  example, t h e  c u r v a t u r e  kx of r e g i o n  A a t  t h e  
crack f r o n t  i s  d i f f e r e n t  from kx of r e g i o n  B a t  t h e  c r a c k - f r o n t .  Closure  of t h e  
c r a c k - f r o n t  over  a n  i n f i n i t e s i m a l  d i s t a n c e  Aa i m p l i e s  t h e  fo l lowing:  
X 
Over t h e  d i s t a n c e  Aa, t h e  two sublaminates  ( r e g i o n s  B and C) behave as a 
vary  s i n g l e  i n t a c t  p la te  a f t e r  c l o s u r e .  That  is ,  U , V , E ~ ,  
l i n e a r l y  and w is  c o n s t a n t  through t h e  e n t i r e  t h i c k n e s s  of t h e  combined 
p l a t e  (B + C) over  t h e  d i s t a n c e  Aa. S i n c e  ha i s  i n f i n i t e s i m a l ,  t h e  
s t r a i n  d i s t r i b u t i o n  through t h e  t h i c k n e s s  of t h e  s u b l a m i n a t e s  a f t e r  
c l o s u r e  is t h e  same as i n  t h e  i n t a c t  p la te  a t  the  crack  f r o n t .  
XY 
E and E Y' 
Work i s  r e q u i r e d  t o  impose t h e  c l o s u r e ,  s i n c e  midplane s t r a i n s  and c u r v a t u r e s  must be 
changed. This  r e q u i r e d  work per u n i t  a r e a  of c rack  c l o s u r e  is e q u a l  to t h e  s t r a i n -  
energy release rate. 
The f i r s t  s t e p  i n  t h e  d e r i v a t i o n  of a mathematical  formula f o r  s t r a i n - e n e r g y  
release rate  is t o  e x p r e s s  t h e  s t r a i n  d i s t r i b u t i o n s  i n  r e g i o n s  A, B, and C. These 
are g i v e n  i n  e q u a t i o n s  ( 2 ) .  
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where 
I For r e g i o n  B, 
A A  A 
6 = E  + k .  z i i o  1 
cB = E:, + kB ( z  - z,) i i o  i 
C 
6' = 6' + ki ( z  - z , )  i i o  
i = 1 , 3  
E l  = E  i 62  = 6 i € 3  = E :  
X Y XY 
k l  = kx; k2 = k k3 = k 
Y i  XY 
zB, zc = z-coord ina tes  of midplane of sublaminates  B and C,  r e s p e c t i v e l y  
A 
io' io '  i o  6 and E:' are t h e  midplane s t r a i n s  and E. 
To make t h e  s t r a i n  d i s t r i b u t i o n s  through t h e  t h i c k n e s s  of r e g i o n s  B and C t h e  
same as f o r  r e g i o n  A r e q u i r e s  t h e  f o l l o w i n g  s t r a i n  increments :  
A 6  B A  = 6 - 6, = (EA - E:B + kAz ) + (kf - k:) ( z  - z B )  
i i i 10 10 i B  
For r e g i o n  C, 
AE' = - 6' = (." - 6' + kAz ) + (k: - k y )  ( z  - z 1 
i i i i o  io i C  C 
I where i = 1 , 3  
N o t e  t h a t  e q u a t i o n s  ( 3 )  e x p r e s s  t h e  s t r a i n s  i n  terms of each of t h e  sublaminate  
c o o r d i n a t e  systems. Equat ions ( 3 )  show t h a t  i n  g e n e r a l  t h e r e  is a change i n  b o t h  t h e  
midplane s t r a i n  and the  c u r v a t u r e .  For each s u b l a m i n a t e  e q u a t i o n s  ( 3 )  can  be 
e x p r e s s e d  as 
A s x  = Acx0 + Akxz' 
A s y  = Acy0 + Ak z '  Y 
A 6  = A6xyo + Akxyz' = Acxy0 
Xy 
4 
( 4 )  
where 2' i s  e i t h e r  2 - zB or z - zc,  depending on which r e g i o n  is b e i n g  
cons idered .  
. I n  e q u a t i o n s  ( 4 )  t h e  t w i s t  c u r v a t u r e  term Akxy is  zero .  This is a consequence 
of t h e  slope c o m p a t i b i l i t y  requirement  a t  t h e  c r a c k  f r o n t ,  as e x p l a i n e d  next .  
Cons ider  t h e  c rack  f r o n t  t o  be a l o n g  a l i n e  x = c o n s t a n t .  Along t h e  c r a c k  f r o n t  
aw i s  ax is cont inuous  because of s l o p e  c o m p a t i b i l i t y  requi rements .  S i n c e  
c o n t i n u o u s  r e g a r d l e s s  of t h e  va lue  of y, t h e  change i n  - aw i n  t h e  y - d i r e c t i o n ,  
a w  
E 
ax 
2 a w  
= --, t h e  t w i s t  kxy must be 
kXY axay 
-- a a w  must a lso be cont inuous.  Since 
ay  ax  
c o n t i n u o u s  a t  t h e  c rack  f r o n t  and hence 
t h e  c r a c k  is a l o n g  a l i n e  y = cons tan t .  
AkW = 0. S i m i l a r  arguments can be made i f  
To impose t h e  r e q u i r e d  mid-plane s t r a i n  and c u r v a t u r e  changes and Aki 
r e q u i r e s  in -p lane  stress and moment r e s u l t a n t s  f o r  each sublaminate .  
The magnitudes of t h e  in-p lane  stress r e s u l t a n t s  and moments are de termined  









The s t r a i n - e n e r g y  release rate i s  s imply t h e  work r e q u i r e d  t o  change t h e  mid- 
p l a n e  s t r a i n s  and c u r v a t u r e s  i n  t h e  cracked p a r t  of t h e  p la te  a t  t h e  c r a c k  f r o n t  s o  
t h a t  t h e y  are e q u a l  t o  t h e  midplane s t r a i n s  and c u r v a t u r e s  i n  t h e  uncracked p a r t  of 
t h e  p l a t e  a t  t h e  c r a c k  f r o n t .  This work i s  g iven  by e q u a t i o n  ( 7 ) .  
1 B B  B B  B B  G = 7 + AN AE + AN A E ~ ~  + AMxAkx Y YO XY 
B B  B 
Y Y  Xy XY 
+ A M  Ak + AM AkB + similar terms f o r  p l a t e  C 
For  a p a r t i c u l a r  problem, many of t h e  terms i n  e q u a t i o n  (6) may be zero .  I f  t h e r e  is  
more t h a n  one d e l a m i n a t i o n ,  t h e  procedure is s t i l l  t h e  same, one s imply h a s  more sub- 
l a m i n a t e s  t o  cons ider .  Equation (6)  w i l l  be  used later i n  t h i s  paper t o  c a l c u l a t e  
t h e  d i s t r i b u t i o n  of G f o r  s e v e r a l  c o n f i g u r a t i o n s .  
5 
Cases Analyzed 
Two cases were examined: a t r a n s v e r s e l y  loaded  s q u a r e  l a m i n a t e  and a post- 
buckled  l a m i n a t e  i n  compression ( f i g .  4 a ) .  F i g u r e  4b shows t h e  p l a n  view of t h e  
l a m i n a t e  and t h e  delaminated reg ion .  The deformed p r o f i l e  is shown i n  f i g u r e  4c. 
The t r a n s v e r s e l y  loaded lamina te  was used t o  i l l u s t r a t e  and  e v a l u a t e  t h e  VCCT. 
It w a s  s e l e c t e d  because a n  e x a c t  s o l u t i o n  is a v a i l a b l e  f o r  t h e  d isp lacements  and  
boundary stress r e s u l t a n t s  [ref. 101. This  case c o n s i s t s  of t w o  i sotropic  plates 
bonded t o g e t h e r  except  f o r  a s q u a r e  reg ion .  The lower and upper p l a t e s  w i l l  be 
r e f e r r e d  t o  as t h e  base lamina te  and t h e  sublaminate ,  r e s p e c t i v e l y .  The base lami- 
n a t e  is assumed t o  be r i g i d .  The sublaminate  h a s  a Young's modulus of 207 GPa and a 
Poisson ' s  r a t io  of 0.3. The l o a d i n g  c o n s i s t s  of a s i n g l e  t r a n s v e r s e  p o i n t  l o a d  
a p p l i e d  a t  t h e  c e n t e r  of t h e  sublaminate .  The disp lacements  are assumed t o  be small, 
s o  t h a t  l i n e a r  a n a l y s i s  is adequate .  
The second case  was s e l e c t e d  t o  r e p r e s e n t  a compress ive ly  loaded  l a m i n a t e  w i t h  
a n  embedded de laminat ion  (see f i g .  4 a ) .  The c o n f i g u r a t i o n  is very  similar t o  t h e  
t r a n s v e r s e l y  loaded laminate .  The l o a d i n g  is in-p lane  ( i n s t e a d  of t r a n s v e r s e )  and, 
a l t h o u g h  t h e  lower p l a t e  is much s t i f f e r  t h a n  t h e  t o p  p l a t e ,  it is n o t  r i g i d .  The 
s u b l a m i n a t e  is i s o t r o p i c  w i t h  a Young's modulus of 53.3 GPa and a Poisson ' s  r a t i o  
of  0.31. The t h i c k n e s s  of the  sublaminate  is  0.51 mm. Again, t h e  lower and top 
plates  w i l l  be r e f e r r e d  t o  as t h e  base lamina te  and  sublaminate ,  r e s p e c t i v e l y .  
The deformation 
of t h e  sublaminate .  
d i sp lacements  of t h e  
i n  t h e  base lamina te  is assumed t o  be u n a f f e c t e d  by the  response  
Hence, t h e  base l a m i n a t e  is i n  a s t a t e  of u n i a x i a l  stress. The 
base  lamina te  are given by 
u = X E X  
The s l o p e  a t  t h e  sublaminate  boundary i s  zero.  
Closed Form Analyses 
Two c l o s e d  form stress a n a l y s e s  were used t o  a n a l y s e  t h e  t r a n s v e r s e l y  loaded  
s q u a r e  p l a t e :  a Rayleigh-Ritz (R-R) a n a l y s i s  [ r e f .  101 and a n  e x a c t  series s o l u t i o n  
[ r e f .  111. The R-R a n a l y s i s  w a s  used t o  e v a l u a t e  t h e  performance of t h e  VCCT when a n  
approximate stress a n a l y s i s  is used t o  o b t a i n  t h e  terms i n  e q u a t i o n  ( 7 ) .  The e x a c t  
s o l u t i o n  provided  a r e f e r e n c e  f o r  e v a l u a t i n g  t h e  a c c u r a c y  of t h e  VCCT when t h e  terms 
i n  e q u a t i o n  ( 7 )  are known e x a c t l y .  The key e q u a t i o n s  
r e f e r e n c e  1 0  are: 
m 2mlr x 3 3  
m=l n=l 
w(x ,y)  = 1 1 amn [I - ( - 1 )  c o s ( 7 )  - 
Erom t h e  R-R a n a l y s i s  i n  
n (-1) ( 7 )  
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where 
a l l  = 0.12662 P 
a22 = 0.00301 P 
- 0.0015 P a33 - 
a12 = a21 = -0.00601 F 
a , 3  = a31 = 0.00278 F 
2 
and t h e  normalized load p = . The maximum d i s p l a c e m e n t  wo under  t h e  l o a d  
P i s  n D  4 11 
W 0 = .005435 Pa2/Dl, 
The key e q u a t i o n s  from t h e  
2 
w = -0056 - 
11 0 D 
Pa 
exact s o l u t i o n  i n  r e f e r e n c e  11 a re  
and a n  e x p r e s s i o n  for  t h e  c u r v a t u r e  kx a l o n g  x = a /2  
m- 1 
2- mnY (-1) cos - c a 1 11 m=1,3,5,7,.,. kx = - D 
(8) 
(9) 
where Q1 = -0.1025 P 
43  = 0.0263 P 
Q5 = 0.0042 P 
Q7 = 0.0015 P 
Only t h e  f i r s t  f o u r  terms were r e t a i n e d ,  s i n c e  a d d i t i o n  of t h e  f i f t h  term changed 
kx by only  0.32 percent. Because of symmetry, t h e  d i s t r i b u t i o n  of ky a l o n g  
y = a / 2  is  i d e n t i c a l  t o  t h a t  of kx a l o n g  x = a/2. 
( 1 0 )  
F i n i t e  Element A n a l y s i s  
The STAGSC-1 [ r e f .  121 f i n i t e  element program w a s  used t o  a n a l y s e  t h e  con- 
f i g u r a t i o n s  cons idered .  L i n e a r  a n a l y s i s  w a s  used f o r  t h e  t r a n s v e r s e l y  loaded 
laminate and g e o m e t r i c a l l y  n o n l i n e a r  a n a l y s i s  w a s  used for  t h e  p o s t b u c k l e d  sub- 
lamina te .  The f o l l o w i n g  s u b s e c t i o n s  describe t h e  f i n i t e  e lement  models and how t h e  
VCCT is  used w i t h  f i n i t e  elements. 
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F i n i t e  e lement  models.- F i g u r e s  5 and 6 show t y p i c a l  f i n i t e  e lement  models used 
f o r  t h e  t r a n s v e r s e l y  loaded l a m i n a t e  and t h e  pos tbuckled  sublaminate ,  r e s p e c t i v e l y .  
Boundary c o n d i t i o n s  are i n d i c a t e d  i n  t h e  f i g u r e s .  Because of symmetries a b o u t  t h e  
x- and y-axis ,  on ly  one f o u r t h  of t h e  s u b p l a t e  is modeled for  b o t h  c o n f i g u r a t i o n s .  
The e lements  are non-conforming, four-node q u a d r i l a t e r a l s  w i t h  s i x  d e g r e e s  of freedom 
(three d isp lacements  and t h r e e  r o t a t i o n s )  a t  each node. The STAGSC-1 program r e f e r s  
t o  t h i s  e lement  as type  410. The p e n a l t y  f u n c t i o n  o p t i o n  w a s  selected t o  reduce  
i n c o m p a t i b i l i t i e s  i n  the d isp lacements  a t  t h e  e lement  boundar ies .  
The r e s u l t s  presented  h e r e i n  were o b t a i n e d  w i t h  meshes graded i n  t h e  x- and 
y - d i r e c t i o n s .  This was found t o  g i v e  bet ter  r e s u l t s  t h a n  a uniform mesh w i t h  t h e  
same number of elements.  The g r a d i n g  of t h e  mesh r e s u l t e d  i n  a f i n e  mesh a t  one 
c o r n e r  (eg. t h e  upper r i g h t  hand c o r n e r  of t h e  mesh i n  f i g .  5). This  f i n e  mesh a t  
t h e  c o r n e r  i s  j u s t  an a r t i f a c t  of t h e  grad ing ,  n o t  a n y ’ i n t e n t i o n  t o  model t h e  c o r n e r  
more a c c u r a t e l y  than elsewhere.  S e v e r a l  d i f f e r e n t  mesh r e f i n e m e n t s  were examined t o  
a s s u r e  t h a t  t h e  t r e n d s  were correct. 
V i r t u a l  crack c l o s u r e  t e c h n i q u e  f o r  f i n i t e  elements.-  T h e o r e t i c a l l y ,  u s e  of VCCT 
w i t h  f i n i t e  e lements  is s t r a i g h t  forward.  Simply u s e  t h e  mid-plane s t r a i n s  and  
c u r v a t u r e s  i n  reg ions  A, B,  and C (see f i g .  3 )  a t  t h e  c r a c k  f r o n t  i n  e q u a t i o n s  ( 3 1 ,  
(41,  (61, and ( 7 ) .  Unfor tuna te ly ,  many f i n i t e  e lements  programs ( i n c l u d i n g  STAGSC-1) 
d o  n o t  o u t p u t  t h e  requi red  q u a n t i t i e s  r i g h t  a t  t h e  c rack  f r o n t .  For example, r e s u l t s  
may be provided  a t  t h e  q u a d r a t u r e  p o i n t s .  I n  t h i s  case, one might e x t r a p o l a t e  t o  t h e  
c r a c k  f r o n t .  I n  genera l ,  some e n g i n e e r i n g  judgement w i l l  be  r e q u i r e d  t o  u s e  t h e  
i n f o r m a t i o n  provided by a f i n i t e  e lement  program t o  estimate t h e  i n f o r m a t i o n  r e q u i r e d  
t o  c a l c u l a t e  G. . 
I n  t h i s  s t u d y ,  r e a c t i o n s  a t  t h e  boundary of t h e  f i n i t e  e lement  model were used 
t o  c a l c u l a t e  the  r e q u i r e d  informat ion .  This  was possible because only  t h e  sub-  
l a m i n a t e  was modeled; hence,  the crack  f r o n t  w a s  a t  t h e  model boundary. The proce-  
d u r e  used t o  e x t r a c t  the r e q u i r e d  i n f o r m a t i o n  from t h e  n o d a l  r e a c t i o n s  i s  d e s c r i b e d  
next .  
The boundary nodal r e a c t i o n s  are t h e  e q u i v a l e n t  f o r c e s  and c o n c e n t r a t e d  moments 
which are r e q u i r e d  t o  impose t h e  s p e c i f i e d  boundary c o n d i t i o n s .  For example t h e  
pos tbuckled  sublaminate  h a s  s p e c i f i e d  nonzero in-p lane  d i s p l a c e m e n t s  and z e r o  slope 
a l o n g  t h e  edges x = +_a/2 and y = +b/2. To impose t h e s e  c o n d i t i o n s  r e q u i r e s  a d i s -  
t r i b u t i o n  of mid-plane stresses and moments a l o n g  t h e s e  edges.  The c o n c e n t r a t e d  
nodal  moments and f o r c e s  are s t a t i c a l l y  e q u i v a l e n t  t o  t h e s e  d i s t r i b u t e d  stresses and 
moments. A s tep  v a r i a t i o n  of t h e  moments w a s  assumed a l o n g  t h e  edge (see f i g .  7). 
The c o n c e n t r a t e d  moment a t  a node was assumed t o  be e q u a l  to t h e  i n t e g r a l  of t h e  
d i s t r i b u t e d  moment from t h e  middle of t h e  e lement  on t h e  l e f t  of t h e  node t o  t h e  
middle of t h e  e l e m e n t  on t h e  r i g h t .  Nodes a t  t h e  c o r n e r s  of t h e  models had c o n t r i b u -  
t i o n s  from only  one side. This  s imple  assumption means t h a t  t h e  d i s t r i b u t e d  moment 
i s  e q u a l  t o  the c o n c e n t r a t e d  moment d i v i d e d  by t h e  l e n g t h .  The mid-plane stress 
r e s u l t a n t s  were c a l c u l a t e d  u s i n g  t h i s  same procedure.  
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RESULTS AND DISCUSSION 
F i r s t ,  d e t a i l s  of t h e  a p p l i c a t i o n  and  a c c u r a c y  of t h e  VCCT w i l l  be d i s c u s s e d  f o r  
t h e  t r a n s v e r s e l y  loaded  laminate .  The t r a n s v e r s e l y  loaded  l a m i n a t e  is used because 
t h e r e  i s  a n  e x a c t ,  closed form s o l u t i o n  f o r  t h e  plate deformations.  Hence, t h e  e x a c t  
v a l u e  of t h e  average  G a l o n g  t h e  delaminat ion f r o n t  can  be c a l c u l a t e d  and  used as a 
r e f e r e n c e .  Of c o u r s e ,  it would be p r e f e r a b l e  t o  have a r e f e r e n c e  s o l u t i o n  f o r  t h e  
d i s t r i b u t i o n  of G, b u t  one i s  n o t  a v a i l a b l e .  
Next, t h e  e f f e c t  of s e v e r a l  parameters  on G for  p o s t b u c k l e d  d e l a m i n a t i o n s  w i l l  
be d iscussed .  
Appl ica t ion  of t h e  VCCT 
Because of symmetry o n l y  one-eight of t h e  perimeter of t h e  t r a n s v e r s e l y  l o a d e d  
p l a t e  need t o  be c o n s i d e r e d  when apply ing  t h e  VCCT. I n  p a r t i c u l a r ,  t h e  c r a c k  f r o n t  
a l o n g  x = a / 2  f o r  0 < y < a /2  w i l l  be ana lyzed .  The plate d e f l e c t i o n s  are as- 
sumed t o  be small. Hence, t h e  mid-plane s t r a i n s  are z e r o  throughout ;  t h e r e f o r e ,  
i n t a c t  ansothe degonded r e g i o n  a t  t h e  c rack  t i p ;  t h e r e f o r e ,  Ak 
kx 
pla te  has z e r o  kx i n  t h e  bonded region and  a non-zero kx i n  t h e  debonded reg ion .  
Therefore ,  t h e  s t r a i n - e n e r g y  r e l e a s e  r a t e ,  u s i n g  e q u a t i o n  ( 71, is  
is z e r o  f o r  b o t h  t h e  
The top 
kY = A E  = AcX = 0. Along x = a/2, t h e  c u r v a t u r e  
= 0. The c u r v a t u r e  Y is  z e r o  throughout  t h e  lower p l a t e ,  s i n c e  it is assumed t o  be r i g i d .  
1 
2 x x  G = -  (Ak M 
where Akx = - (k, o f  t h e  unbonded top  p la te  a t  t h e  c r a c k  t i p )  
2 a w  
ax 
kx = -2 
and 
F i g u r e  8 shows t h e  d i s t r i b u t i o n  of normalized G a l o n g  x = a /2  o b t a i n e d  u s i n g  
s e v e r a l  a n a l y s e s .  I n  a l l  cases t h e  VCCT w a s  used  t o  c a l c u l a t e  G. The R-R s o l u t i o n  
used e q u a t i o n  (7) t o  determine 
de te rmine  k,. All three a n a l y s e s  p r e d i c t  a s t r o n g  g r a d i e n t  of G a l o n g  x = a/2. 
Growth of t h e  de laminat ion  s h o u l d  occur p r e f e r e n t i a l l y  i n  t h e  middle of t h e  s i d e s ,  
t h u s  t r a n s f o r m i n g  t h e  s q u a r e  i n t o  a rounded shape. The f i n i t e  e lement  r e s u l t s  a g r e e  
w e l l  w i t h  t h e  e x a c t  s o l u t i o n .  The R-R a n a l y s i s  p r e d i c t s  t h e  same t r e n d  as the  e x a c t  
s o l u t i o n  b u t  t h e  magnitudes are d i f f e r e n t .  The l a r g e  d i f f e r e n c e s  between t h e  R-R and  
e x a c t  a n a l y s e s  are due t o  t h e  e r r o r s  i n  c a l c u l a t i n g  boundary c u r v a t u r e  and moment 
w i t h  t h e  R-R a n a l y s i s  . 
kx. The e x a c t  s o l u t i o n  used e q u a t i o n  (10) t o  
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Average va lues  of G f o r  t h e  c rack  f r o n t  were c a l c u l a t e d  u s i n g  t h e  VCCT and by 
d i f f e r e n t i a t i n g  the  s t r a i n  energy wi th  respect t o  "a". Although n o t  a complete  
check,  comparison of t h e  r e s u l t s  shou ld  g i v e  some i n d i c a t i o n  of t h e  accuracy  of t h e  
VCCT. The average  G was c a l c u l a t e d  u s i n g  t h e  VCCT by i n t e g r a t i n g  t h e  r e s u l t s  i n  
f i g u r e  8 and d i v i d i n g  by t h e  l e n g t h  of t h e  c rack  f r o n t  (eq.  ( 1 2 ) ) .  
The s t r a i n - e n e r g y  d e r i v a t i v e  t echn ique  (SEDT) u s e s  t h e  fo l lowing  e x p r e s s i o n  f o r  
average  G. 
The d e r i v a t i v e  is  taken wi th  r e s p e c t  t o  a/2 because t h e  de l amina t ion  i s  assumed t o  
ex tend  i n  a s e l f - s i m i l a r  manner. For example, t h e  boundar ies  a t  x = f a /2  moves 
t o  x = +, (a/2 + A(a /2 ) ) .  
The s t r a in  energy U can be expres sed  as 
u = -  l P W  
2 0  
From e q u a t i o n s  (13)  and ( 1 4 )  w e  o b t a i n  
(1  4 )  
The average  G obtained u s i n g  t h e  VCCT and t h e  s t r a i n - e n e r g y  d e r i v a t i v e  t echn ique  





F i n i t e  Elements 0.002744 (VCCT) 
R-R 0.002229 (vccar) 
0.00271 7 (SEDT) 
There i s  e s s e n t i a l l y  no d i f f e r e n c e  between t h e  ave rage  G o b t a i n e d  w i t h  t h e  VCCT and 
e q u a t i o n  ( 1 5 )  when t h e  e x a c t  s o l u t i o n  i s  used. (The small d i f f e r e n c e  i s  a r e s u l t  of 
u s i n g  only  t h e  f i r s t  f o u r  terms i n  the series s o l u t i o n . )  
e n t l y  accurate, b u t  t h e  accuracy  of t h e  c a l c u l a t e d  G depends on t h e  stress a n a l y s i s  
used. When c a l c u l a t i n g  average  G with a n  approximate  a n a l y s i s ,  (i.e. t h e  R-R a n a l -  
y s i s )  t h e  VCCT is  c o n s i d e r a b l y  less a c c u r a t e  t h a n  t h e  s t r a i n  energy  d e r i v a t i v e  
technique .  
The VCCT i t s e l f  is appar- 
Genera l ly  one would want t o  know t h e  d i s t r i b u t i o n  of G r a t h e r  t h a n  j u s t  a n  
ave rage  va lue .  I f  an  approximate a n a l y s i s  is  be ing  used, e q u a t i o n  ( 1 5 )  g i v e s  a b e t -  
ter  estimate of average  G t h a n  u s i n g  e q u a t i o n s  ( 1 1 )  and ( 1 2 ) .  A r e a s o n a b l e  com- 
promise is  t o  use  e q u a t i o n  ( 1 5 )  t o  ob ta in  t h e  ave rage  G and u s e  e q u a t i o n  ( 1 1 )  t o  
o b t a i n  t h e  d i s t r i b u t i o n  of G. Then scale t h e  G d i s t r i b u t i o n  such t h a t  t h e  VCCT 
g i v e s  the same average  G. The curve l a b e l e d  " s c a l e d  R-R" i n  f i g u r e  8 w a s  o b t a i n e d  
by u s i n g  t h i s  procedure.  The agreement wi th  the  e x a c t  s o l u t i o n  is good. 
Pos tbuckled Sublaminate  
The VCCT d e s c r i b e d  i n  t h e  prev ious  s e c t i o n s  w a s  used t o  c a l c u l a t e  G f o r  t h e  
compress ive ly  loaded specimen shown i n  f i g u r e  4. The e f f e c t  of de l amina t ion  dimen- 
s i o n s  and s t r a i n  l e v e l  on t h e  magnitude and d i s t r i b u t i o n  of G is i l l u s t r a t e d  i n  
f i g u r e s  9-1 2. 
For t h e  pos tbuck led  sublaminate ,  the e q u a t i o n  f o r  c a l c u l a t i n g  G (eq. ( 6 ) )  
reduces  t o  
a l o n g  x = a/2 
G = 1 / 2  ( ANB AeB + AMB AkB ) x xo x x  
a l o n g  y = b/2 
G = 1 / 2  ( A N B  AeR + AMB dkB)  
Y YQ Y Y  
where 
B 
AcXO = E: - e x o  
B 
0 Ae = E + v e  YQ Y 
- B Akx - kx 
AkB = k 
Y Y  
eo = s t r a i n  i n  x - d i r e c t i o n  i n  base  l amina te  
1 1  
Equat ion  ( 2 1 )  shows t h a t  G C o n s i s t s  of c o n t r i b u t i o n s  from changes i n  both  mid-plane 
s t r a i n  and c u r v a t u r e .  The c o n t r i b u t i o n s  from changes i n  t h e  mid-plane s t r a i n  and 
c u r v a t u r e  are r e f e r r e d  t o  h e r e i n  as GN and GM, r e s p e c t i v e l y .  
F i g u r e  9 shows t h e  d i s t r i b u t i o n  of GN and GM f o r  25.4 x 25.4 mm and 
25.4 x 50.8 mm de laminat ions  ( s o l i d  and dashed c u r v e s ,  r e s p e c t i v e l y ) .  The f i r s t  
dimension r e f e r s  t o  t h e  l e n g t h  i n  t h e  x - d i r e c t i o n .  The a p p l i e d  s t r a i n s  f o r  t h e  
25.4 x 25.4 mm and 25.4 x 50.8 mm d e l a m i n a t i o n s  were -0.0040 and -0.0043 r e s p e c -  
t i v e l y .  The b i f u r c a t i o n  b u c k l i n g  s t r a i n s  were -0.0037 and -0.001 8, r e s p e c t i v e l y .  
For t h e  s q u a r e  de laminat ion  ( s o l i d  c u r v e s ) ,  t h e  magnitudes of GN and GM are 
much l a r g e r  a l o n g  y = b/2 ( f i g .  9b) t h a n  a l o n g  x = a/2 ( f i g .  9 a ) .  Hence, one would 
e x p e c t  a n  i n i t i a l l y  square  d e l a m i n a t i o n  t o  grow t r a n s v e r s e  t o  t h e  load  d i r e c t i o n  ( i n  
t h e  y - d i r e c t i o n ) .  Since GM and GN are much smaller n e a r  t h e  c o r n e r s  of t h e  de- 
lamina t ion ,  t h e  delaminat ion would n o t  grow i n  a s e l f - s i m i l a r  f a s h i o n .  I n s t e a d ,  it 
would become more l i k e  a n  ellipse t h a n  a r e c t a n g l e .  Note t h a t  GM is  much l a r g e r  
t h a n  GN for  t h e  de laminat ion  f r o n t  a l o n g  both  x = a/2 and y = b/2. For t h e  
r e c t a n g u l a r  (25.4 x 50.8) d e l a m i n a t i o n  t h e  maximum v a l u e  of t h e  sum of GM and GN 
is about  300 J/m2 f o r  bo th  x = a / 2  and y = b/2. Hence, one might e x p e c t  t h e  
d e l a m i n a t i o n  to  grow e q u a l l y  i n  t h e  x- and y - d i r e c t i o n s ,  i n i t i a l l y  main ta in ing  a n  
aspect r a t i o  (b/a) of a b o u t  2 and becoming e l l i p t i c a l .  However, t h e  a s p e c t  r a t i o  f o r  
e q u a l  growth i n  the x- and y - d i r e c t i o n s  depends on t h e  a b s o l u t e  s i z e  of the delamina- 
t i o n  and t h e  s t r a i n  level.  This  is  d i s c u s s e d  next .  
F i g u r e  10 shows G (G = GM + GN) f o r  t he  25.4 x 50.8 mm and 50.8 x 101.6 m m  
d e l a m i n a t i o n s  w i t h  an a p p l i e d  s t r a i n  of -0.0034. Along y = b/2 ( f i g .  l o b ) ,  t h e  
l a r g e r  d e l a m i n a t i o n  h a s  a G which is  more t h a n  twice as l a r g e  as G a long  x = a /2  
( f i g .  l o a ) .  Hence, growth should  occur  more r a p i d l y  a l o n g  y = b/2, r e s u l t i n g  i n  a n  
aspect r a t i o  of more t h a n  2. The smaller d e l a m i n a t i o n  i n  f i g u r e  10 w a s  a l so  sub-  
jected t o  a s t r a i n  of -0.0034. Note t h a t  f i g u r e  10 p r e d i c t s  t h e  smaller d e l a m i n a t i o n  
w i l l  grow i n  t h e  loading d i r e c t i o n  (because of t h e  l a r g e r  G ) ,  which w i l l  reduce t h e  
aspect r a t i o  t o  less t h a n  2. 
The peak va lues  of G from f i g u r e s  9 and 10 a r e  combined i n  f i g u r e  11. The 
s q u a r e  d e l a m i n a t i o n  i s  c l e a r l y  expec ted  t o  grow more e a s i l y  t r a n s v e r s e  t o  the  load  
d i r e c t i o n .  The behavior  of t h e  25.4 x 50.8 mm d e l a m i n a t i o n  depends on the  s t r a i n  
l e v e l .  A t  t h e  lower s t r a i n  l e v e l ,  growth i s  expec ted  t o  occur  p r e f e r e n t i a l l y  i n  t h e  
load  d i r e c t i o n ,  b u t  a t  t h e  h i g h e r  s t r a i n  l e v e l ,  t h e  growth rates are expec ted  t o  be 
a b o u t  t h e  same i n  both d i r e c t i o n s .  Although the 50.8 x 101.6 mm d e l a m i n a t i o n  h a s  
the  same aspect r a t i o  as t h e  smaller r e c t a n g u l a r  de lamina t ion ,  f i g u r e  11 shows t h a t  
t h e  l a r g e r  r e c t a n g u l a r  d e l a m i n a t i o n  w i l l  grow p r e f e r e n t i a l l y  t r a n s v e r s e  t o  t h e  l o a d  
d i r e c t i o n .  Note t h a t  eo/eCR is 7.6 f o r  t h e  l a r g e r  de laminat ion ,  which is  much 
l a r g e r  than for t h e  load cases f o r  t h e  smaller de laminat ion .  Apparent ly ,  a s  t h e  
s t r a i n  becomes l a r g e r  r e l a t i v e  t o  t h e  buckl ing  s t r a i n ,  there is a g r e a t e r  tendency 
for  t h e  de laminat ion  t o  grow t r a n s v e r s e  t o  t h e  load  d i r e c t i o n  i n s t e a d  of a l o n g  t h e  
load d i r e c t i o n .  
F i g u r e s  9 and 10 s u g g e s t  t h a t  a t  l eas t  f o r  some c o n f i g u r a t i o n s ,  d e l a m i n a t i o n  
growth would be u n s t a b l e  i f  it is governed by G. I n  each case, t h e  peak G is 
l a r g e r  for  t h e  l a r g e r  d e l a m i n a t i o n  when t h e  a p p l i e d  s t r a i n  is c o n s t a n t  (approxi -  
mate ly) .  Of c o u r s e ,  a r e c t a n g u l a r  d e l a m i n a t i o n  does n o t  grow t o  be a l a r g e r  rect- 
a n g u l a r  de lamina t ion;  i t  becomes e l l i p t i ca l .  But t h e  l a r g e  d i f f e r e n c e  i n  G between 
the  smaller and l a r g e r  d e l a m i n a t i o n s  i n  f i g u r e s  9 and 10 probably  outweighs t h e  
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d i f f e r e n c e s  due t o  modeling as a r e c t a n g l e  i n s t e a d  of as a n  e l l ipse.  More c o n f i g u r a -  
t i o n s  need t o  be ana lyzed  t o  determine whether  t h e  d e l a m i n a t i o n  arrests when it grows 
very  l a r g e .  
The r e l a t i v e  magnitudes of GN and GM depend b o t h  on t h e  s i z e  of t h e  delami- 
n a t i o n  and t h e  edge examined. F igure  9 shows t h a t  f o r  t h e  25.4 x 50.8 d e l a m i n a t i o n  
GN is  a s i g n i f i c a n t  p r o t i o n  of G along x = a/2,  b u t  it is i n s i g n i f i c a n t  a l o n g  
y = b/2. For the  25.4 x 25.4 mm delaminat ion GN is i n s i g n i f i c a n t  a l o n g  y = b/2. 
For  t h e  25.4 x 25.4 mm de laminat ion  GN is  i n s i g n i f i c a n t  a l o n g  both edges f o r  a 
s t r a i n  of -0.004. 
F i g u r e  12a shows t h e  e f f e c t  of s t r a i n  l e v e l  on t h e  magnitudes of GN and GM 
a l o n g  x = a / 2  f o r  t h e  25.4 x 25.4 de laminat ion .  Dashed and s o l i d  l i n e s  are used  
fo r  GM and GN, r e s p e c t i v e l y .  The peak v a l u e  of GN d e c r e a s e d  as t h e  s t r a i n  i n -  
c reased .  Conversely,  GM i n c r e a s e d  monotonically.  One of t h e  GN c u r v e s  is marked 
"swi tched  mode". For t h i s  s t r a i n  l e v e l ,  the  p l a t e  h a s  changed from t h e  f i r s t  buck- 
l i n g  mode t o  a h i g h e r  mode. This can r e s u l t  i n  n e g a t i v e  d isp lacements ,  which are  
p h y s i c a l l y  imposs ib le  s i n c e  t h e  base lamina te  w i l l  n o t  a l l o w  t h i s .  F u r t h e r  work 
(beyond t h e  scope of t h i s  paper) is needed t o  de termine  a n  accurate and e f f i c i e n t  
method f o r  a n a l y z i n g  such  c a s e s .  Figure 12b shows t h e  e f f e c t  of s t r a i n  l e v e l  on  
GM a l o n g  y = b/2. The magnitude of GN is n o t  shown because  it w a s  q u i t e  s m a l l  
f o r  a l l  cases. The magnitude of GW i n c r e a s e s  r a p i d l y  as t h e  s t r a i n  i n c r e a s e s .  
CONC L US IONS 
A v i r t u a l  c rack  c l o s u r e  technique w a s  developed f o r  c a l c u l a t i n g  t h e  d i s t r i b u t i o n  
of t o t a l  s t r a i n - e n e r g y  release rate around t h e  boundary of  a d e l a m i n a t i o n  i n  a p l a t e .  
This  is  an  improvement over  ear l ie r  techniques ,  which only  p r o v i d e  a n  average  of t h e  
s t r a i n - e n e r g y  release rate  a l o n g  t h e  de laminat ion  f r o n t .  This  t e c h n i q u e  w a s  v e r i f i e d  
by a n a l y z i n g  a c o n f i g u r a t i o n  w i t h  a closed-form e x a c t  s o l u t i o n  f o r  t h e  average  
s t r a i n - e n e r g y  release r a t e .  The technique w a s  t h e n  used t o  calculate  t h e  d i s t r i b u -  
t i o n  of s t r a i n - e n e r g y  release rate f o r  s e v e r a l  cases i n v o l v i n g  the  p o s t b u c k l i n g  of a 
de lamina ted  reg ion .  The f o l l o w i n g  conclusions were reached.  
1 .  The v i r t u a l  c rack  c l o s u r e  technique developed h e r e i n  appears  t o  be a n  ac- 
c u r a t e  technique  f o r  c a l c u l a t i n g  t h e  d i s t r i b u t i o n  of t o t a l  s t r a i n - e n e r g y  release 
rate. 
2 .  For s q u a r e  and r e c t a n g u l a r  de lamina t ions ,  t h e r e  is  a l a r g e  v a r i a t i o n  of 
s t r a i n - e n e r g y  release rate a l o n g  t h e  de laminat ion  f r o n t .  Hence, s e l f  - s i m i l a r  growth 
is n o t  expected.  
3. Whether a de laminat ion  grows i n  t h e  l o a d  d i r e c t i o n  or p e r p e n d i c u l a r  t o  t h e  
l o a d  d i r e c t i o n  i n  a compressively loaded lamina te  depends on t h e  c u r r e n t  d e l a m i n a t i o n  
aspect ra t io ,  t h e  s t r a i n  l e v e l ,  and the  absolute s i z e  of t h e  de laminat ion .  
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Figure 1 . -  Sketch of a l o c a l l y  postbuckled laminate 
with  embedded delaminat ion.  
Figure 2 . -  Crack front  region.  
Figure 3 . -  Crack f r o n t  region of a p l a t e  with s i n g l e  de laminat ion.  
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( a )  Deformed laminate and t w o  t y p e s  of l o a d i n g  cons ide red .  







( c )  Cross-section of deformed laminate.  
F i g u r e  4.- Laminate c o n f i g u r a t i o n  and load ing .  
a/ 2 
Y 
I w = o  
w = o  
a/ 2 
F i g u r e  5.- F i n i t e  e lement  model f o r  t r a n s v e r s e l y  
loaded sublaminate .  
b/ 2 
w = o  I v = +I2 v e, 
u = o  
0 
w = o  
U =  -e, a 
2 
Figure 6.- Typica l  f i n i t e  e lement  model f o r  
a postbuckled sublaminate .  
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Moment 
= 'I.d Mdx = concentrated moment I 1  f C  at node i 
r Node 
F i g u r e  7.- Calculat ion of the  moment d i s t r i b u t i o n  M from t h e  
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Figure 8.- Dis tr ibut ion  of G along x = a/2  f o r  t r a n s v e r s e l y  
loaded sublaminate ( a  = b = 25.4 m m ) .  
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Figure 9.-  D i s tr ibut ion  of GM and GN f o r  t w o  postbuckled 
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Figure 10.- D i s t r i b u t i o n  of G for t w o  d i f f e r e n t  s i z e  
delaminations with same aspect ratio (e = 0.0034) .  
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Figure 12.-  E f f e c t  of s t r a i n  l e v e l  on Gw and GN f o r  a = b = 25.4 mm 
(GN is  n o t  shown i n  f i g .  1 2 ( b ) ,  because It is  very smal l  f o r  a l l  c u r v e s ) .  
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